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Abstract: The values of the homogenous weight on a finite commutative Frobenius ring are 
determined. This is used to investigate the partition induced by this weight and its dual partition 



under character-theoretic dualization. A characterization is given of those rings for which the 
induced partition is reflexive or even self-dual. 
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1 Introduction 

> 

The homogeneous weight has been studied extensively in the literature of codes over rings. It 
has been introduced by Constantinescu and Heise [5] as a generalization of both the Hamming 
weight on finite fields and the Lee weight on Z4. Its main feature is that the average weight of 
T _J ' the elements in a nonzero principal ideal is the same constant for all such ideals. The weight has 

been further generalized to arbitrary non-commutative finite rings by Greferath and Schmidt [16] 
as well as Honold and Nechaev [20 1 . The homogeneous weight has proven to be an important 
tool in ring-linear coding. For instance, in [9j Duursma et al. construct non-linear codes with 
the best parameters so far using certain ring-linear codes and where the ring is endowed with the 
/^ , homogenous weight. 

These and other properties of the homogeneous weight have led to an extensive study of this 
weight. Among other things, it has been shown that the Mac Williams extension theorem remains 
true for isomorphisms preserving the homogeneous weight, see Constantinescu et al. [6j for codes 
over the integer residue ring Zjy, Wood [25] and Greferath and Schmidt [16] for codes over general 
finite Frobenius rings, and Greferath et al. |14] for codes over the Frobenius module of a finite ring. 

On the other hand, so far no explicit MacWilliams identity for the homogeneous weight enu- 
merators of codes has been established in any general form. Such identities relate a suitably defined 
weight enumerator of a code to the weight enumerator (or a dual version thereof) of its dual code. 
MacWilliams identities are well known for many weight functions, e.g., the Hamming weight, the 
complete weight, the Lee weight, and many more. 

The non-existence of an explicit MacWilliams identity for the homogeneous weight is due to 
the fact that the partition induced by this weight does not behave as well under dualization as 
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those for the Hamming weight or the other weights just mentioned. More precisely, the induced 
partition is in general not self-dual with respect to a certain character-theoretic dualization. In 
this paper we will study the homogeneous weight partition on general finite commutative Frobenius 
rings and will provide a characterization of those rings, for which the partition is reflexive (that is, 
coincides with its bidual) or even self-dual. Reflexivity, which is weaker than self-duality, guarantees 
a MacWilliams identity because in this case the partition and its dual have the same number of 
partition sets. In this case we will also provide the associated Krawtchouk coefficients. With these 
data, an explicit MacWilliams identity relating the corresponding partition enumerators is simply 
an instance of the general theory about reflexive partitions, see for instance [13] or Camion [3]. A 
precursor of these ideas is the paper [2] by Greferath et al. 

Our main tool will be the fact that each finite commutative Frobenius ring can be presented 
as a direct product of local Frobenius rings. For the latter the homogeneous weight is well-known 
and takes a very simple form. Another main ingredient is an explicit formula for the value of the 
homogeneous weight provided by Honold [18] . These two tools will allow us to give an explicit 
formula for the homogeneous weight on any finite commutative Frobenius ring. This is carried out 
in Section [3l 

In Section [5] we then go on and study the partition induced by the homogeneous weight. We will 
see that all elements outside the socle have the same weight, thus form one partition set, whereas 
in the socle the homogeneous partition is closely related to the product of Hamming partitions 
that are induced by a suitable direct product representation of the ring. In fact, we will show that 
the homogeneous partition is reflexive if and only if its restriction to the socle coincides with the 
just described product of the Hamming partitions. We also give a characterization of the rings 
for which the homogeneous partition is reflexive, It is given in terms of the orders of the residue 
fields of the local component rings. Finally, we will prove that the homogeneous weight partition 
is self-dual if and only if it is reflexive and the ring is semi-simple. 

2 Frobenius Rings and Partitions 

Throughout this section, let G = (G, +) be a finite abelian group, and let R be a finite commutative 
ring with unity. Denote its group of units by R* . Our main subject is partitions and their duals 
of R or R n , but occasionally we need to consider the group case; mainly for the situation where G 
is the additive group of an ideal of R. For this reason we present the main notions of this section 
for groups with special emphasis on rings. 

Denote by G the complex character group of G. Thus G = Hom(G, C*) is the set of all group 
homomorphisms from G into C* with addition (\i + X2X0) : = Xi( a )X2(o)- The zero element is 
the principal character e E G, given by e(a) = 1 for all a E G. It is well known that G and G are 
isomorphic. The most fundamental property of characters on G is the orthogonality relation 

aeG k ' " A 

For a ring R and n G N we denote by R n the character group of the additive group (R n ,+). 
This group can be endowed with an i?-module structure via the scalar multiplication r\{v) = x( rv ) 
for all r E R and v E R n . 

Throughout this paper, we will restrict ourselves to finite commutative Frobenius rings. These 
are the rings R satisfying 

soc(-R) ^ R/rad{R) (2.2) 

as i?-modules, where soc(R) denotes the socle of it!, i.e., the sum of all minimal ideals, and rad(i?) 



is the Jacobson radical of R, i.e., the intersection of all maximal ideals in R; since R is finite it 
coincides with the nilradical, i.e., the ideal of all nilpotent elements in R. 

We summarize the following properties about Frobenius rings, some of which actually charac- 
terize the Frobenius property, but we will not engage in that discussion. Details can be found in 
many books on ring theory, e.g., [22], Ch. 6] by Lam or in the research articles by Lamprecht |23j, 
Hirano [H], Wood [M Thm. 3.10], and Honold [H]. 

Remark 2.1. Let R be a finite commutative Frobenius ring. Then the following are true. 

(a) R and R are isomorphic i?-modules. Thus, there exists a character x € R such that 

R — > R, r i — >r X (2.3) 

is an i?-isomorphism. Any such \ is called a generating character of R. Obviously, any two 
generating characters %i x' differ by a unit, i.e., %' = U X f°r some u G R*. More generally, for 
each n, the map 

R n — > R n , v i — > Xv, where Xv{w) = x( v ' w ) (2-4) 

is an R- isomorphism (here v ■ w denotes the standard inner product on R n ). 

(b) Let x be a character of R. Then x is a generating character of R if and only if the only ideal 
contained in kerx := {a £ R \ x( a ) = 1} is the zero ideal; see [H Cor. 3.6]. 

(c) R satisfies the double annihilator property, i.e., I = I for all ideals I in R, and where 
I L = {a G R | ah = for all b G I}; see [22j Thm. 15.1]. In particular, soc(R) 1 - = rad(i?) and 
lad(R) 1 - = soc(R). 

(d) soc(R) is a principal ideal [TBI p. 21]. 

(e) R = R\ X . . . X Rt for suitable local Frobenius rings R{] see [22j (15.27)]. 

If R is also local, that is, rad(-R) is the unique maximal ideal of R, then soc(i?) is the unique 
minimal ideal |22[ Ex. (3.14)]. In this case the field R/rad(R) is called the residue field of R. 



Many standard examples of commutative rings are Frobenius. For details we refer to Wood [26} 
Ex. 4.4] and Lam [221 Sec. 16. B] and many other sources. 

Example 2.2. (a) The integer residue rings Zjv, where iV € N, are Frobenius. Each generating 
character is of the form x(<?) := C 9 f° r au 9 £ Zjy, where £ E C is an iV-th primitive root of 
unity. Thus, each character is given by ax(g) = xi a 9) = ( ag f° r some a G Zjv- 

(b) Every finite field is Frobenius and every non-principal character of F is a generating character. 

(c) Finite chain rings, finite group rings over a Frobenius ring, direct products of Frobenius rings, 
and Galois rings are Frobenius. 

(d) The ring R = ¥2[x, y]/(x 2 ,y 2 ,xy) is a local, non-Frobenius ring; see [H Ex. 3.2]. 

For a subgroup H < G (called an additive code) we define the dual subgroup as 

H 1 := { X G G | x(h) = 1 for all h G H}. (2.5) 

It is straightforward to see that 

H^G/H ± . (2.6) 

As usual, a code over R is a submodule of R n for some n G N. Following the above, the dual code 
is C 1 - = {x G R n | x( v ) = 1 f° r a H v S C}. Using the identification (|2.4p . this amounts to the 
standard dual ([26j Thm. 7.7] or ]13, Thm. 5.4]) 

C x = {v G R n | v ■ w = for all w G C}, (2.7) 



and thus generalizes the annihilator of ideals introduced in Remark l2.1l fc). It will be clear from the 
context, which dual is considered. The double annihilator property from Remark l2.1f c) extends to 
C L± = C and \C L \\C\ = \R n \, see [19, Cor. 5] or p31 Rem. 5.5]. 

We now turn to partitions on G and fix the following notation. A partition V = {P m )m=i °f a 
set X will mostly be written as V = P\ \ P2 \ ■ ■ ■ \ Pm- The sets of the partition are called its blocks, 
and we write \V\ for the number of blocks in V. Recall that two partitions V and Q are called 
identical if \V\ = \Q\ and the blocks coincide after suitable indexing. Moreover, V is called finer 
than Q (or Q is coarser than V), written as V < Q, if every block of V is contained in a block 
of Q. Note that if V < Q then \V\ > \Q\. Denote by ~-p the equivalence relation induced by V, 
thus, v~*-"pv' if v, v' are in the same block of V . 

The following notion of a dual partition will be crucial for us. It has been introduced for 
Frobenius rings by Byrne et al. [21 p. 291] and goes back to the notion of F-partitions as introduced 
by Zinoviev and Ericson in [27] . Reflexive partitions, defined below, appear already in |28j by 
Zinoviev and Ericson were they have been coined B-partitions. They are exactly the partitions 
that induce abelian association schemes as studied in a more general context by Delsarte [7J, 
Camion [3], and others, see also [Hj. For an overview of these various approaches and their relations 
in the language of partitions see also [H] . 

Throughout, we will use the notation [re] := {1, . . . , n} and [n]o := {0, . . . , re}. 

Definition 2.3. Let V = P\ \ P2 \ ■ ■ ■ \ Pm be a partition of G. 

(a) The dual partition of V, denoted by V, is the partition of G defined via the equivalence relation 

X~ f X :«=► Y. Xfo) = E X^) for a11 m € M' ( 2 - 8 ) 

gGPm g&Pm 

For the pair (V,V), where V = Q\ \ ... | Ql, the generalized Krawtchouk coefficients K^ m , £ G 
[L], m G [M], are defined as K^ m = ^2 q€Pm x{9)i where \ is anv element in Qi. The partition V 

is called reflexive if V = V . 

(b) Let flbea Frobenius ring with generating character \- For G = (R n , +), we define the x-dual 
partition of V, denoted by V ix \ as the preimage of V under the identification (|2.4p . Thus, V^ 
is the partition of R n given by the equivalence relation 



v' :<^=^ 2, xi v ' w ) = /J x( v ' " w ) f° r all m = 1, . . . , M. (2.9) 



■plx] 

weP m W£P, 



The Krawtchouk coefficients of (V,P [x] ), where P [x] = Q[\ ■ ■ ■ \ Q' L , are 

Kl,m = /_y X-( v ' W ^ w ^ ere v ^ s an y element in Q' e . (2-10) 

UlGP m 

The partition V is called x~ se V~dual if P lx] = V . 

Note that by definition of the dual partition, the Krawtchouk coefficients K^ m do not depend 
on the choice of x m Ql (resp. v in Q' e ). 

It is not hard to see [13, Rem. 5.8] that V lx] = V for any x (where V is the bidual partition 
in the group sense). As a consequence, in the situation of (b) above, reflexivity does not depend 
on the generating character x- This is different from the x~dual partition, which in general does 
depend on x, and thus so does x-self-duality. 



Example 2.4. Consider the field F4 = {0, 1, a, a 2 }, where a 2 = a + 1. The maps x> X given by 
X (0) = X (l) = 1, x(o) = X(a 2 ) = -1 and *(0) = x(a) = 1, *(1) = xV) = -1, 

are characters of F4. As in (j2.3|) they give rise to the isomorphisms a : F4 — > F4, r 1— > r\ and 
/3 : F4 — > F4, r i-> r\- Consider the partition V of F4 given by Po I P\ \ P2 = | 1 | a, a 2 . Then 
Y.beP X(ab) = Y,beP 3 X(a 2 b) = (-l) j for j = 0,1, while Efe e p 2 x(a^) = x(a 2 ) + x(l) = and 
^6eP 2 ^(° 2 ^) = x(l) + x( a ) = 0- Thus, V [x] = V and "P is x-self-dual, hence also reflexive. In the 
same way one computes V M and obtains Q := V [x] = | 1, a 2 | a. Hence P is not x-self-dual. One 
easily verifies Q K1 = P, which also follows from the fact that reflexivity does not depend on the 
choice of the generating character. 

Remark 2.5. For the integer residue rings R = 7*n, the dual of a partition does not depend on the 
choice of the generating character. This follows immediately from Example I2.2f a) along with the 
fact that all primitive JV-th roots of unity have the same minimal polynomial. The latter implies 
that the identities on the right hand side of (|2.9p do not depend on the choice of the primitive JV-th 
root £• 

For many standard partitions on Frobenius rings, e.g., the Hamming partition, the dual does 
not depend on the choice of the generating character. In the next section we will see that this is 
also the case for the main topic of this paper, partitions induced by the homogeneous weight. 

Let us return to the general situation of partitions of groups. We have the following simple 
observation. 

Remark 2.6. (a) The singleton {e} is always a block of V . Indeed, ^2„ e p s(g) = \P m \ for every 
block P m . Hence if x G G satisfies E g6 p m x{a) = \P m \ for all P m , then ^2 g&G x(g) = \G\ and 
thus x = e by (|2.ip . Using (j2.4p we also conclude that {0} is a block of V [x] . 

(b) If V < Q, then V < Q. This follows directly from the definition of the dual partitions since 
each block of Q is the union of blocks of V. 

As has been shown in various forms in the literature [28l [21 [13], a partition V of R n and its 
dual partition V allow a Mac Williams identity: applying a certain Mac Williams transformation to 
the "P-partition enumerator of a code C C R n results in the "P-enumerator of its dual C^. For an 
overview in the language of this paper see |13|. Sec. 2]. The most symmetric situation arises for 
reflexive (or even self-dual) partitions, in which case the transformation can be carried out in both 
directions, and thus the two enumerators determine each other uniquely. Most, if not all, classical 
examples of MacWilliams identities are instances of this general MacWilliams identity based on 
a self-dual partition (for instance, for the symmetrized Lee weight, the complete weight, and the 
rank metric). 

In the next section we will study the partition on a Frobenius ring induced by the homogeneous 
weight and investigate for which rings the partition is reflexive or even self-dual. Our main tool for 
characterizing reflexivity of a partition is the following convenient criterion from |13|. Thm. 3.1]. 

Theorem 2.7. For any partition V on G and its dual partition V we have \V\ < \V\ and V < V . 

Moreover, V is reflexive if and only if \V\ = \V\. 

We close this section with several specific instances of reflexive partitions that will be needed 
in the next section. 

The most famous MacWilliams identity is the one for the Hamming weight enumerator. We 
will need the Hamming partition and its Krawtchouk coefficients in the following form in the next 
section. 



Example 2.8. Let G = A\ x . . . x A n , where A4 is a finite abelian group for all i. Then G 
A\ X . . . X A n , i.e., the characters of G are given by 



(Xi>---,Xn)(ai,...,a n ) = ~[[xi( 



1 



Assume \Ai\ = q for all i, and let T 3 be the partition of G induced by the Hamming weight, that 
is, P m = {a € G | wt(a) = m\ for m £ [n]o = {0, . . . , n}, and where wt(oi, . . . , a ri ) = \{i \ a, ^ 0}|. 
Then it is well known that the dual partition V is the partition induced by the Hamming weight 
on A\ x . . . x A n . In other words, the blocks of V are Qi = {x € G | wt(x) = £} for £ S [n]o, and 
where wt(xi, • • • > Xn) = \{i \ Xi ¥" £ }\ since e is the zero element of G. The Krawtchouk coefficients 
are K i>m = Y* a eP m x( a ) = Km (£) for x G Qe, and where 



^ 9) (^) = E(- 1 ) i (? - ^^ _ ( 2 - n ) 



. ?/ \m — 7 

is the Krawtchouk polynomial (see for instance [7, Thm. 4.1] or Lemma 2.6.2 in [21]; the proof of 
Lemma 2.6.2 in [21) . given for Z", works mutatis mutandis for all A\ X . . . X ^4 n ). All of this shows 
that the Hamming partition on G is reflexive. Finally, the Hamming partition on the module R n 
is self-dual with respect to any generating character x by virtue of (I2.4p . 



When studying the partition induced by the homogeneous weight, we will need to consider 
product partitions. The following result will suffice for us. Let G = Ax x • • • X A n , where A\, . . . , A n 
are finite abelian groups and let V% be reflexive partitions of Ai for % = 1, . . . ,n. Write V% = 
Pi,i I Pi,2 I • • • I Pi,Mf Then the product partition on G is defined as 

Q := V\ X . . . X V n := (Pl, mi X . . . X i 3 n ,m n )(mi,...,m n )e[Afi]x-x[Af„]- (2.12) 

Parts of the next result also appeared in [281 Thm. 4] and pH Thm. 4.86]. 

Theorem 2.9 ([13, Thm. 4.3 and proof]). The dual partition of Q is Q = V\ X • • • X V n , and in 

particular, Q is reflexive. Furthermore, the Krawtchouk coefficients of(Q,Q) are 

n 

%,...,!„),(m lr ..,m„) = II^SU f° r dl (*1> • • • '^«)> ( m l> • • • > m ") G I Ml l X " " " X t M ™]' 
i=l 

where Ki m , £, m G [Mi], are i/je Krawtchouk coefficients of (Vi,Vi). 

The following result shows that the trivial extension of a partition of a subgroup behaves well 
under dualization. The notation x\h stands for the restriction of x to H , whereas £g and en denote 
the principal characters on G and H , respectively. 

Proposition 2.10. Lei H < G be a subgroup of G, and let V = Pq\ ... | Pm be a partition of H . 
Let V = Qo | Q\ | • • • | Ql, where Qq = {en} (see Remark 1 2. bY a)). Thus V is a partition of H . 
Define P-\ := G\H. Then V' = P_i \Pq\ ■ ■ ■ \ Pm is a partition of G. The dual partition ofV' is 
given byV' = Q'_ x | Q | Q[, . . . | Q' L , where Q'_ x = H^sg}, Q' = {e G } and Q f £ = { x eG\H L \ 
X\h S Q{\ for £ G [L]. The Krawtchouk coefficients of (V',T") are 



(K'? m ) l=-X,...,L 
' m=-l M 



f-\H\ \P Q \ ••• \P M \\ 

P-l\ Kq : q ... K 0y M 

K lfl ... K 1M 

\ K L}0 ... K LM J 



(2.13) 



where Kg m , £ G [£]()> m G [M]o, are £/ie Krawtchouk coefficients of (V,V). As a consequence, ifV 
is reflexive then so is V' . 

Proof. We have to consider various cases. 

1) Let x G Q' f for £ G [L]. Then J2 a eP m x(°) = E ae p m X|ff(°) = ^,m for each for m G [M] . 
Furthermore, ([2IED yields EaeG\H X(°) = _ EaetfX( a ) = ~ EaepX|#( a )- But the latter is zero 
due to (|2.ip since xih is not the principal character on H. 

2) Next, let x G Q'_i = i^Uec}- Then x(o) = 1 for all a G P m , m G [M] . Thus EaeP m *( a ) = 
\P m \ for all m G [M] . Moreover, EagG\H x( a ) = _ EaeffX( a ) = -|#l- 

3) For x = £g we obviously have Y^aeP x( a ) = |-fm| for all m G {—1,0,... ,M}. For the same 
reason, \P m \ = Ko,m for all m G [M]o- 

Evidently, in all of these cases the sums do not depend on the specific choice of x within the 
specified set, and thus the partition Q := Q'_ x \Q' \Q'i, ■ ■ ■ \ Q' L is finer than or equal to V. The 
above also establishes the Krawtchouk coefficients stated in (|2.13p . Since V is the dual partition 
of V, Definition 12.3( a) implies that no two rows of the matrix in ()2.13|) coincide. This means that 
if x ^ Q'e and x' £ Q'i'i where £ ^ £', then x T^pix' ■ Thus V = Q, as desired. The statement 
concerning reflexivity follows from Theorem 12.71 □ 

We close this section with a particularly interesting class of reflexive partitions. A similar version 
appears also in Camion [3j Lem. 4.63] where the result is derived in the language of association 
schemes and presented for automorphism groups of abelian groups. We restrict ourselves to the 
ring setting and add a short direct proof. For n = 1 and R = Z^v the statement has also been 
shown by Ericson et al. [10, Thm. 1]. 

Proposition 2.11. LetlA be a subgroup ofGL n {R) and denote byVu andVyi the partitions of R n 
given by the orbits of the group action oflA andlA := {LP \ U G IA}, respectively. Then V^t = Vu 
for each generating character x, and Vu is reflexive. If U is closed under transposition (e.g., if 
n = I), then Vu is x-self-dual with respect to any x- 

Proof. Let v, v' G R n be in the same partition set of P^t, thus v' = vU T for some U G IA. 
Evidently, PU = P for each orbit P of Vu and thus J2 we p x( v ' ' w ) = J2w^p x( v U T ■ w) = 
^2 w€ pX( v " wU) = Y1w€pX( v ' w )- This shows that "P w t is finer than or equal to Vu '■= Vu , 
and thus |7^t| > \Vu\- By symmetry we also have \Vu\ > l^z/H- Use of Theorem 12.71 yields 
\Vut\ > \Vu\ > \Vu\ > \Pw\ — l^z/H) an d this establishes V u ^ = Vu as well as reflexivity. The 
statement about self-duality is obvious. □ 

Note that the proposition implies the remarkable property that the actions of the groups IA 
and IA induce the same number of orbits. This is in general not true for non-Frobenius rings. 
Indeed, for R as in Example 12.2( d) the action on R? of the group 

U=i\\ M r£R,u(£R*}<GL 2 (R) 

leads to 17 orbits, whereas IA T produces 20 orbits. 

3 Explicit Values of the Homogeneous Weight 

In this section we consider the homogeneous weight and determine its values for all finite com- 
mutative Frobenius rings. This will be accomplished by presenting the ring as a product of local 



rings. In the subsequent section the results will be used to study the partition induced by the 
homogeneous weight. 

Throughout, let R be a finite commutative Frobenius ring with group of units R*, and fix a 
generating character x- The following definition is taken from Greferath and Schmidt |16j . 



Definition 3.1. The homogeneous weight on R with average value 7 is a function u : R — > Q 

such that 

(i) w(0) = 0, 

(ii) u)(x) = u{y) for all x,y € R such that (x) = (y) (where (x) denotes the ideal generated by x), 

(iii) J2 v e(x) u (v) = TK 2 ')! f° r an x ^ -^\{0}; i n other words, the average weight over each nonzero 
principal ideal is 7. 

In |16l Thm. 1.3] existence and uniqueness of the homogeneous weight with given average value 
have been proven (for any finite ring), and in [16, Cor. 1.6] the same authors show that (iii) 
is satisfied by the homogeneous weight for all nonzero ideals of R (for this result the Frobenius 
property is essential). 

It is easy to see that the Hamming weight on R is homogeneous if and only if R is a field, in 
which case it has average value ^-, where q = \R\. 

Without loss of generality we restrict ourselves to the homogeneous weight with average value 
7 = 1, which we call the normalized homogeneous weight. Thanks to Honold [181 P- 412], an explicit 
formula for the normalized homogeneous weight on a Frobenius ring is known and reads as 

u (r) = 1 _ -__ £j x (ru) for r e R; (3.1) 

' ' ueR* 

see |15t Prop. 1.3] for a short proof verifying that the function satisfies Definition I3.1( i) - (iii). A 
specific instance of this formula, tailored to Galois rings, appears also in [24] . 

One may note that the expression on the right hand side of (13. If) does indeed not depend on 
the choice of the generating character \ since different such characters differ by a unit factor. 
Identity ([33]) yields 

Y^ x(ru) = \R*\(l - w(r)) for r E R, (3.2) 

ueR* 

which will be useful later for determining the values of the homogeneous weight on arbitrary 
Frobenius rings. 

Definition 3.2. The partition of R induced by homogeneous weight is denoted by Phom- It is thus 
given by the equivalence relation r '~'P hom 7' / < ^ = ^ > w ( r ) = w ( r ') for r, r' G R. In other words, the 
blocks of "Phom are the sets consisting of all elements sharing the same homogeneous weight. 

Denote by V* the partition given by the orbits of the group action induced by R* . Thus, 
r<~^-p*r' if and only of r' = ur for some u £ R* . Using the fact that the orbit O x of x & R is 
given by O x = {uix, . . . , u m x}, where ui, . . . , u m are representatives of the distinct cosets of the 
stabilizer subgroup of x E R, one obtains 

\Q I 

^J X(ab) = j-^77 ^2 x( anx ) for a11 a ' x G R - ( 3 - 3 ) 

beo x ' ' ueR* 

Now we can summarize the following simple properties, which will be needed later when com- 
puting the dual partition of "Phom- The latter will be defined as the partition 'Phom of R hi the 
sense of Definition 12.3( b). We will now see that the dual does not depend on the choice of \. 



Remark 3.3. (a) It is immediate from Definition 13 .lf ii) that r^-p*r' implies r~-p hom r', and thus 

' _: ' horn- 

(b) Consider a block P of the partition Ph om - By (a), P = U i=1 Xi for a certain number M of 
distinct orbits Xi . With the aid of (j3.3[) and (J3.2J) we obtain for any a £ R 

M M \0 | 

beP »=i 6eO Xi i=i ' ' ueR* 

Af M 

= iwEi°*«i(i 12 *K 1 - a; ( aaj *)) = Ei ^K 1 - a; ( aaj *))- 

' ' i=l i=l 

This shows that the sums X^gp x( a ^) do not depend on the choice of the generating character x- 

It is a consequence of the above that the dual partition Phom does not depend on \- We will 
therefore simply denote this partition by Phom, thus 



r -- ' ,; /•' '"=>■ V, X( rs ) = /^ X( r ' s ) f° r all blocks P of Phom- 



> 

Pho 

sgp seP 



Remark 13,31 shows that the blocks of Phom are invariant under multiplication by units. In other 
words, P* < Phom- Note also that the Krawtchouk coefficients of (Phom 5 Phom) are real. 

The following examples illustrate that the homogeneous partition on a Frobenius ring may 
display a variety of different properties. 

Example 3.4. (a) On Zg the homogeneous partition is given by Phom = | 1,2,3,5,6,7 | 4. Its 
dual is Phom = | 1, 3, 5, 7 | 2, 4, 6, which has been observed already in [21 Ex. 2.9]. Thus Phom 
is not self-dual, but reflexive, due to Theorem 12.71 

(b) On R = 1,2 x Z2 the homogeneous partition is easily seen to be 00, 11 | 01, 10, and the values of 
the weight are and 2, respectively. The fact that {00} is not a block of Phom shows that Phom 
is not the dual of any partition; see Remark l2.6( a), In particular, Phom is not reflexive and thus 
not self-dual. In Remark I3.10f b) a characterization will be presented for the Frobenius rings 
that contain a nonzero element with homogeneous weight zero. 

(c) Consider R = Z 3 xZ 3 . In this case one easily verifies that P hom = 00 | 10, 20, 01, 02 | 11, 12, 21, 22 
with normalized homogeneous weights 0, 3/2, and 3/4, respectively. Note that Phom is simply 
the Hamming partition on Z3 x Z3, and thus reflexive and even self-dual, i.e., Phom = Phom- 
This will also follow from Theorem 14.41 

(d) Consider F4 = {0, 1, a, a 2 } and the ring R = Z2 x F4. Using for instance the character x on ^4 
given in Example 12.41 one derives Phom = 00 | 10 | 01, 0a, Oa 2 \ 11, la, la 2 , and the values of the 
weight are 0, 2, 4/3, and 2/3, respectively. Again, it will follow from Theorem 14.41 that Phom is 
self-dual and thus reflexive. 

In order to determine the values of the homogeneous weight explicitly, we start with the following 
well-known case. 

Example 3.5. Let R be a local commutative Frobenius ring with residue field R/rad(R) of order q. 
Then the normalized homogeneous weight is given by 

0, if a = 0, 
w(a)= { ^1, if a G soc(fl)\{0}, 

1, otherwise. 



This can be verified immediately using the fact that soc(-R) is the unique minimal ideal 
Ex. (3.14)] and thus contained in any nonzero ideal of R. See also [2, Ex. 2.8] for an argument 
involving the Mobius function for the lattice of ideals of R. Hence (Phoml = 3. In Theorem 14.41 (see 
also Example 14. 5 I f a)) we will see that 'Phom is reflexive and also determine the dual partition. 

Our main tool for studying the homogeneous weight on arbitrary finite commutative Frobe- 
nius rings will be the fact that each such ring is the direct product of local Frobenius rings; see 
Remark 12.1( e). We first summarize some basic properties for direct products of Frobenius rings. 

Remark 3.6. Let R = R\ X . . . X Rt, where each Ri is a finite (not necessarily local) commutative 
Frobenius ring. Furthermore, let Xi be a generating character of Ri for all i £ [i\. Then R is a 
Frobenius ring with character module R = R\ x . . . x R t ; see also Example 12.81 for the group version. 
A generating character \ of R is given by % := (xi, • • • , Xt) defined as 

t 
X(ai,...,at) = Y\_Xi(ai) for (a 1 ,...,a t ) G R. (3.4) 

1=1 

Recall also that rad(-R) = rad(i?i) x . . . x rad(Rt) and soc(i?) = soc(i?i) x . . . x soc(Rt). Finally, 
R = soc(R) ^=> rad(i?) = {0} <t=^ rad(i2;) = {0} for all i <^^ R { is a field for all i. This last 
case will be of particular interest to us. 

The above leads to the following identity for the values of the homogenous weight. A similar 
formula, but in terms of the Mobius function and for the case where all Ri are principal ideal rings, 
appeared in [121 Thm. 4.1], see [HJ p. 4]. 

Proposition 3.7. Let R = R±x. . .xR t be a direct product of (not necessarily local) Frobenius rings. 
For i £ [t] let uji be the normalized homogeneous weight on Ri . Then the normalized homogeneous 
weight on R is given by 

t 
u)(ai,...,a t ) = l ~Y[( 1 ~Ui{ai)) for (a 1 ,...,a t ) £ R. 

8=1 

Proof. Let Xi be a generating character of Ri. Then Remark 13.61 provides us with a generating 
character x of R. Using (|3.2p and \R*\ = Y\ i=1 \R*\, we compute 

t t t 

^2 x(uiai,...,u t a t ) = ^2 l~]_Xi(uiai) = Y[^2 Xi{uai) = Y[\R*\{l-Ui(ai)) 

(ui,...,ut)eR* uieR*,—,uteRl »=i i=iu&R* i=i 

t 
= \R*\H(l-u; i (a i )). 
i=i 

Now p.ip leads to the desired identity. □ 

This result brings us immediately to an explicit formula for the homogeneous weight in the 
following case. 

Proposition 3.8. Let R = R\ X . . . X Rt, where Ri is a finite local commutative Frobenius ring 
with residue field -Rj/rad(i?j) of order q for all i £ [i\. Then 

{/ —1 \wt(a) 
1- -) ifa(£soc(R), 

\q — 1/ 
1, otherwise, 

where wt(a) := \{i \ a.j ^ 0}| denotes the Hamming weight of a = (ai, . . . ,at). 
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Proof. This is a consequence of Example [33] along with Proposition 13, 71 and the fact that soc(-R) = 
soc(-Ri) x ... x soc(R t ). D 

In the same way we can compute the homogeneous weight on an arbitrary finite commutative 
Frobenius ring, when given as a direct product of local rings. We will need to keep track of the 
orders of the residue fields of the component rings and thus fix the following notation. For the rest 
of this paper let R be a finite commutative Frobenius ring given in the form 

R = R\ X . . . X Rt, where Ri = Ri : i x . . . x R^m with Rij local, I 

> (3.5) 

\Rij /iad(Rij)\ = |soc(-Rjj)j = qi for all j E [rii] and gi, . . . , q% distinct. j 

Recall that soc(Rij) = Rij/iad(Rij). 

Propositions 13.71 and 13.81 yield the following generalization of Example 13.51 

Theorem 3.9. Let R be as in f|3.5[) and write its elements as a = (oi,...,Ot), where aj € R%. 
Using the Hamming weight wt on each R{, the homogeneous weight on R is given by 

„(« 1 ,...„,,)4 1 - nL( ^ )Wt(w ' !/a£soc( * ) ' 

[ 1, otherwise. 

We close this section with the following immediate insight about the induced partition. 
Remark 3.10. 

(a) ui{a) 7^ 1 for all a G soc(-R). Thus R\soc(R) is a block of Phom- This generalizes the situation 
for local Frobenius rings in Example 13.51 

(b) There exists a nonzero a € R such that u>(a) =0 if and only if there exists an i € [t] such that 
qi = 2 and ni > 2. In this case, Phom is not reflexive due to Remark 12.6( a). Example 13.4( b) is 
the smallest such ring. 

A detailed study of the homogeneous partition and its dual is presented in the next section. 

4 The Partition Induced by the Homogeneous Weight 

We characterize the rings for which the partition 'Phom induced by the homogeneous weight is 
reflexive or even self-dual. In the reflexive case we also determine the dual partition and the 
Krawtchouk coefficients explicitly. 

Recall from Remark I3.3f b) and the paragraph thereafter that the dual partition of "Phom hi the 
sense of Definition I2.3f b) does not depend on the choice of the generating character and thus is 

denoted by Phom- 

Some basic properties of Phom were presented already in Remark l3.1Ul We now focus on a simple 
consequence of Theorem 13.91 that will turn out to be crucial for characterizing reflexivity. Recall 
that R is as in (13. 5p . Theorem 13.91 shows that the homogeneous weight of a = [a\, . . . ,at) € R 
depends on the Hamming weights wt(aj). In particular, if a, b £ soc(R) are such that wt(aj) = 
wt(6j) for all i € [t], then u{a) = u(b). This shows that the homogeneous partition is closely related 
to the product of the Hamming partitions on soc(i?j), i £ [i]. 

We will therefore study this product partition first and come back to the homogeneous partition 
thereafter. As we will show later, the homogeneous partition is reflexive if and only if it coincides 
on the socle with the product of the Hamming partitions. 

Denote by Hi the Hamming partition on soc(-Rj) = soc^-R^i) x ... x soc(Ri tni ), thus Hi = 
P%,o\ ■■■ I Pi,m with blocks P itj = {(oj,i, . . . , Oi jTli ) G soc(i^) | wt(a ij i, . . . , a^J = j}. The induced 
product partition on soc(i?i) x . . . x soc(Rt) = soc(R) is given by 

H:=HiX ...xH t , (4.1) 
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see (|2.12p , and consists of the blocks 

P m ■= Pi,mi x ... x P t>rrH = {(oi, . . . , a*) € soc(R) | wt(a*) = m» for all i e [*]}, (4.2) 

where m := (mi, . . . ,m t ) £M:= [n\]o x . . . x [njjo- 

For the dual partition the following identifications are useful. Note first that R/rad(R) = 
i?i/rad(i?i) x ... x Rt/r&d(Rt) for R as in (]3.5p . In the same way 

Ri/radiRi) £* i^i/rad^i) x . . . x i^/rad^.). (4.3) 

This allows us to consider the Hamming weight on Ri/rad(Ri). For a, = (a* i, . . . , ai,m) € -Rj put 

wt(oj + rad(i?i)) := \{j \ a tJ rad(-Rjj)}| = |{j | a tJ G i^ ;i }|, (4.4) 

where the last identity follows from the fact that the rings Rij are local. 
Now we can formulate the following duality. 

Theorem 4.1. Consider H = (P m )meM as above. Define the partition H' of R as 

%' = (Pm)meMu{o}, where P := R\soc(R). 
The dual partition H! does not depend on x and is given by 

rl = {Qm)meMU{o}i 

where Q = rad(i?)\{0}, Qq = {0} and for m = (mi, . . . , mj) € .M\{0} 

Qm = {(oi, ■ ■ ■ ,ai) G R\iad(R) \ wt(o, + rad(i?j)) = rrii for all i G [t]}. 

In particular, %' is reflexive. If R = soc(R) then \7i'\ = s := ni=i( n * + 1); an d %' ^ s simply the 
product of the Hamming partitions and thus self-dual. If R^ soc(R) then \H'\ = s + 1. 

Proof. We make use of Theorem l2.9l and Proposition ^. 101 For this we consider soc(i?) as a subgroup 
of R. Then H is a partition of this subgroup, and it is given as the product of the Hamming 
partitions Hi of soc(Ri). By Example 12. 8( the dual partitions Hi are the Hamming partitions on 
the character groups soc(Ri), and Theorem 12.91 implies that H is the partition Hi x . . . x fit of 
soc(-R) = soc(-Ri) x ... x soc(-Rj). Proposition 12.101 yields that the partition H' of R consists of the 
blocks soc(i?) ± \{e}, {e}, and the blocks 

{(oiXi,...,a t Xt) e RXsociR) 1 - \ wt((a i Xi)|soc(i? l )) = mi for alH G M) 

for all m £ 7W\{0}, and where x« is a fixed generating character of Ri (see also Remark I3.6|) . Now 

we may use the isomorphism (J2.3H . which translates the partition H! of i? into the partition H' 
of R. But then it is clear that the latter consists of the blocks rad(i?)\{0}, {0}, and the sets Q m 
given in the theorem. All of this proves the desired duality. The cardinality of H! is clear from 
\M\ = s, and reflexivity follows from Theorem 12.71 Finally, if R = soc(R), then rad(i?) = {0}, so 
that in this case the blocks P<> and Q are missing, and the sets Q m are the blocks of the product 
partition H on soc(R) = R. Therefore H! is self-dual. □ 

Just as for 'Phom we will simply write H' for the dual partition H' ■ 
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Corollary 4.2. The Krawtchouk coefficients of the pair (H','H') fromTheorem \4^1\ ar e given by 





' 


-\soc(R)\ = -UU€, 




if m = o = £ 






\R\soc(R)\, 




if m = o, £ = 0, 


K^ra = < 




0, 




if m = o, £ £ {0,o} 




P l,mi x ■ 


• •xPt, mt i = nLi(::)(«- 


-i) m % 


if m ^ = £ 



for all £,m € A4 U {o}, and where Kml (£i) are the Krawtchouk coefficients of the Hamming 
partition of soc(Ri t i) x . . . x soc(Ri^ ni ) . In the special case where R = soc(R), and thus each Rij 
is a field, only the last case occurs. 

Proof. This is a consequence of Proposition 12.101 along with Theorem 12.91 and the classical Krawt- 
chouk coefficients for the Hamming partition given in Example 12.81 □ 

Now we can return to the homogeneous weight. Note first that the equivalence relation corre- 
sponding to the partition H' is given by 



a, b € R\soc(R) or 

a, b € soc(-R) and wt(dj) = wt(6j) for all « 6 [t]. 



" 1 si /1 r~ i-n-vi / Z?l r-i-n r\ ttt+ / si .\ 1-rr-i- I J~, . \ (i-\f nil n /" [+1 > ' 



A comparison to the homogeneous weight in Theorem 13.91 shows that H' < T^hom- In other words, 
a<~*-"nib ==f- uj{a) = w(6) for all a,b £ R. The converse of this implication is not true in general. 
In other words, "Phom may be strictly coarser than %' . Theorem 13.91 indicates that the particular 
values of qx,...,qt decide on the difference between these two partitions. We cast the following 
definition. It is simply made to rule out the case where H' < 7\omj as we wm show in Theorem 14. 41 



Definition 4.3. Given the list C := [(qi,ni), • • • , {qti n t)\ OI distinct prime powers qt and multi- 
plicities rii S N. Then C is called separating if the following holds: 
whenever m := (mi, . . . ,m 4 ), £ := (£\, . . . ,£ t ) S A4 = [m]o X . . . X [n*]o an d m ^ £, then 



t 



nfe-ir^n^- 1 )^ ° r E m ^E^ m ° d2 - 

i=l j=l i=l i=l 

We call a list [q\, . . . , q t ] of distinct prime powers separating, if [(gi, 1), . . . , (qt, 1)] is separating. An 
integer N is separating if its list of distinct prime factors is separating. 

As we will see below, for a separating list C the partition %' separates the elements of R 
according to their homogeneous weight. 

The list [2,3,7,13] is not separating, and the condition is violated in two ways: (2 — 1)(3 — 
1)(7 - 1) = (13 - 1) and (3 - 1)(7 - 1) = (2 - 1)(13 - 1). The list [3,7, 13] is separating. The 
list [(2,1), (3, 2), (5,1)] is not separating because (3- l) 2 = (2- 1)(5 — 1). The list [(3,2), (5, 1)] is 
separating, but [(3, 4), (5, 2)] is not. The case m = shows that if [(qi,ni), . . . , (qt,nt)] is separating 
and qi = 2 for some i, then ni = 1. Finally, if [q\, . . . , qt] is not separating, then t > 4. 

Starting with three distinct primes and using sufficiently large primes one easily shows that 
there exist infinitely many separating integers. 

Theorem 4.4. Let R be as in (|3.5p . Suppose the list C = [(qi,ni), . . . , (qt, nt)] is separating. Then 
"Phom = H', where H' is as in Theorem \4-l\ As a consequence, Phom is reflexive and 'Phom = H' ■ 
Moreover, if R = soc(R), or equivalently, all component rings Rij are fields, then the homogeneous 
partition coincides with the product of the Hamming partitions Hi on each Ri, and thus is self-dual. 
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Proof. First, the separating property guarantees that if qi = 2 then m = 1. With Remark 13. lOf b) 
we conclude that u(a) ^ for all a/0. Thus {0} is a block of Phom- Moreover, R \ soc(R) is a block 
of Phom i see Remark [3,10f a), Since both sets are also blocks of %' and H! < Phom) it remains to show- 
that for all a, b G soc(P) such that co(a) = ui(b) we have a~%'&. By Theorem l3.9l o;(a) = ca(b) yields 
(_l)wt(6) rj^ =i ( g . _ i)wt(a i; ) = (_j_)wt(a) rjj =1 ( g . _ i)wt(6 i ) > where wt ( a ) = s^\ =1 wt(ai) and similarly 

for b. Since q { -l > 0, this leads to wt(a) = wt(6) mod2 and UUiili- l) wt(ai) = llLife- 1 )^^- 
Since £ is separating, this yields wt(a,) = wt(6j) for all i G [t], and this means a~%'&. This 
concludes the proof. D 

Before turning to the non-separating case, let us present some examples of the homogeneous 
weight on integer residue rings. We use the notation from f)3.5[) . 



Example 4.5. (a) Let t = 1, n\ = 1, and q\ = q (so [(q, 1)] is separating), thus R is a local 
Frobenius ring with \R/ic&d(R)\ = q. Then M. = {0,1} and the partitions "Phom = "H' = 
-Po | -Pi | P© and Phom = W = <3o | <2© | Qi read as 

Phom = {0} I soc(i?)\{0} I R\soc{R) and P^n = {0} I rad( J R)\{0} I R*. 



The Krawtchouk matrix, indexed row- and columnwise by the partition sets of Phom an d Pho 
in the given order, is 

'I q-l \R\-q" 

I q-l -q 

.1-1 

For R = Z$, this matrix also appears in [31 p. 1553] by Camion, 
(b) Let R = Z p r x Zq«, where p, q are distinct primes and r,s > 1. The list \p,q] is separating. 
Note that R = Z*n, where N = p r q s , and hence N is separating. For the component rings, socle 
and radical satisfy soc(Z p r)\{0} = O pr - 1 (the (Z p r)*-orbit) and rad(Z p r) = (p) and analogously 
for TL q s . The homogeneous partition Phom and the values of the homogeneous weight are given 
by (in the order P (0]0) | P (10) | P (01) | P (11) | P ) 



' horn 





Opr-1 X {0} 


{0} x O q s-i 


O p r-l X Ogs-1 


^\(p r_1 ) x (g 5 - 1 ) 


to 





p 

p-1 


9-1 


pq-p-q 
(p-l)te-l) 


1 



The dual partition is Phom 
matrix has the form 



# 



| (p) X (?)\{0} | (p) xZJ, | Z; r x (g) | Z; r xZ* s , and the Krawtchouk 

pq\ 



J 



A 


p — 1 q — 1 (p — 1)(?— 1) p r q s — 


i 


p-1 g-1 (p-l)(g-l) -pg 


i 


p-1 -1 1-p 


i 


-1 q-l l-q 


Vi 


-1-1 1 



If N = pq, the last block of Ph om and the second block of Phom are missing, and so are the last 
column and second row of K. For this case, the values of the homogeneous weight also appears 
in [H Ex. 3] by Byrne. 

Here is the smallest non-separating integer N. As one may expect, the homogeneous partition 
is not reflexive. 
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Example 4.6. Consider Zjy, where N is the non-separating integer N = 2 • 3 • 7 • 13 = 546. Note 
that Z^r = Z2 x Z3 x Zy x Z13 and since rii = 1 for all i, the partition %' is simply the orbit 
partition under the multiplicative action of Z^. Hence \H'\ = 2 4 = 16. But the elements in the 
blocks P(o,i,i,o) an d P(i, 0,0,1) (f° r the notation see (|4.2p ) have the same homogeneous weight 11/12, 
and similarly the elements in P(o 0,0,1) ^^(1,1,1,0) have weight 13/12. This leads to |Phom| = 14. On 
the other hand, using a computer algebraprogram one computes that the dual partition Phom is 
exactly the orbit partition %' and thus |Ph m| = 16. Hence "Phom is not reflexive. 

The situation of the last example is true for all non-separating cases. 

Theorem 4.7. Let R be as in ()3.5[) and assume that C = [(<Zi,Wi), . . . , (qt, Tit)] is non-separating. 
Then the partition 'Phom is not reflexive. More precisely, Phom *s strictly coarser than the parti- 
tion ri! from Theorem \4-l\ whereas Phom = fi f . Thus | Phom I > I Phom I- 



Proof. As in Theorem 14.11 we denote the blocks of H' by P m , m € M U {o}. Let K^ m be the 
Krawtchouk coefficients of the pair (T-L',T-L f ). It is clear from (|4.5p that Phom > W an d thus 
Phom > W due to Remark |2. 6( b) . Furthermore, P = R\soc(R) is a block of Phom- Theorem 
shows that for m € A4 



-(«)= i -ri(^r- ( 4 - 6 ) 



a G P„. 

i=l 

From the fact that C is non-separating it follows that there exist two distinct partition sets P m , P m ' 
for some m, m! G Ai such that all elements of P m U P m / have the same homogeneous weight. Thus 

Phom >n'. _ 

We have to show that Phom = H'. In order to do so, we need some preparation. Evidently, any 
partition set P of Phom, where P 7^ P , is of the form P = U me cPm for a subset C C M.. Then 

J2 x ( ab "> = J2 J2 x ^ = J2 K ^ m for any a G ^> ( 4 - 7 ) 

where W = (Qe)eeMu{o}- 

Let £, £' € A4 U {0} be such that Qi and Qi' are contained in the same partition set of Phom- 
We have to show that £ = £' . Let us first convince ourselves that £,£' have to be in A4\{0}. To do 
so, note that Qq = {0} is a partition set of Phom as this is a general property of dual partitions, 
see Remark 12. 6 I f a). Thus £ 7^ 7^ £'. Next, recall that the index o occurs only if R 7^ soc(P) and 
that in this case P<> is a block of Phom- Corollary 14.21 shows that Ki<> = for all £ £ {0,o} whereas 
^0,0 < and Kq c > 0. This implies that Q<> must also be a block of Phom- All of this shows that 
we may assume £,£' S .M\{0}. 

With the aid of (|4.7p our assumption on £, £' may be written as 

y K^ m = y^ -?Q', m for all partition sets M P m of Phom- (4-8) 

We will make use of the Krawtchouk coefficients for the case where m = ej = (0, . . . , 1, . . . , 0) 
(with 1 in the ith position). From Corollary 14.21 we have K^ ei = K^' q % (£{) = (n, — £i)q% — Hi, 
which along with (|4.8p results in the implication 

P e% is a block of P ho m =* h = 4 ( 4 - 9 ) 

Hence we aim at showing that the sets P ei are blocks of Phom- In order to do so, we assume without 
loss of generality that 

qi <...<%• (4.10) 
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Case 1: Suppose that for all i G {1, . . . , t} we have % — 1 ^ Ylj=i(Qj ~ l) mj whenever £\=i rrij is 
odd. Then (|4.6p shows that P ei is a block of "Phorm and hence f|4.9[) implies £ = £'. 
Case 2: Let i e {1, . . . ,t} be minimal such that qi — 1 = f| ?=1 (<7j — l) m ^ for some m / e; and 
5^j = i wij odd. Then m = (mi, . . . , rrii-i, 0, . . . , 0). Let mA 1 ), . . . , ?nA s ) be all such indices satisfying 

t 
q% ~ 1 = JJ(<?j - l) m ' for r = 1, . . . , s. 

3=1 

Then the same argument as in Case 1 along with (|4.10p shows that the sets P ea , where a < i, are 
blocks of P hom - Hence by (jMJ) 



e a = £' a £oTa = l,...,i-l. (4.11) 

Next, the set P' := U m e£ ^"i> where £ = {ej, mA 1 ), . . . , m^}, is a block of Phom- Since mA = 
for j > i, the case m ^ o 7^ ■£ in Corollary 14.21 along with (|2.1ip shows that 

K £,m( r) = %,...,4-iA-,0),mW for all r = 1, . . . , s 
and analogously for £'. Hence K t m ( r ) = K e , m ( r ) by (|4.1ip and thus 

s s 

m££ r=l r=l 

Thus (|4.8|) yields K^ ei = ^'.e* an d hence ti = i\. 

Now we may continue in the same fashion for the index set {i + 1, . . . , t}. If there is no index 
%' > i such that qy — \ = \\ - =1 (qj — l) m J and J2j=i m j ^ s °dd> then we may argue as in Case 1. 
Otherwise, we choose the smallest i! > i and argue as in Case 2. Proceeding in this manner we 
finally arrive at £ = £', as desired. □ 

We close the paper by summarizing the situation for integer residue rings. 

Corollary 4.8. The homogeneous partition Phom on Z^r is reflexive if and only if N is separating. 
The partition is self-dual if and only if N is square-free and separating. 

We believe that the results can be extended to non-commutative Frobenius rings. In order to 
do so, it may be advantageous or even necessary to study the general situation of homogeneous 
weights on (left) modules over such rings. 
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